
TURING THEOREMTURING THEOREM



THE CONCEPT OF ALGORITHMTHE CONCEPT OF ALGORITHM

AnAn algorithmalgorithm isis a finite a finite sequencesequence of of 

mechanicalmechanical, , deterministicdeterministic instructionsinstructions

basedbased on a finite on a finite alphabetalphabet, i.e. a computer , i.e. a computer 

program. program. 

WeWe shallshall callcall a a TuringTuring machinemachine a a ““perfectperfect””

computer, computer, thatthat isis toto saysay withwith infinite infinite 

memorymemory whichwhich can can nevernever break down. break down. 



WeWe wantwant toto understandunderstand whichwhich taskstasks

can can bebe accomplishedaccomplished byby a a TuringTuring

machinemachine, , forfor exampleexample in in 

arithmeticsarithmetics..



PRIME NUMBERSPRIME NUMBERS

ItIt isis possiblepossible, , forfor exampleexample, , toto considerconsider a a 

TuringTuring machinemachine thatthat providesprovides usus the list of the list of 

allall the prime the prime numbersnumbers. In . In factfact, , decidingdeciding

whetherwhether or or notnot a a naturalnatural numbernumber isis a prime a prime 

numbernumber isis a a mattermatter of computing. of computing. 

N=N=[ 0, 1, 2, 3 [ 0, 1, 2, 3 ……]          ]          TuringTuring MacMac.        [ 2, 3, 5, 7 .        [ 2, 3, 5, 7 ……]  ]  



The The actionsactions of of TuringTuring machinesmachines can can 

representrepresent some some problemsproblems of the of the arithmeticarithmetic. . 

ForFor exampleexample the the arithmeticalarithmetical problemproblem: : 

““IsIs the set of prime the set of prime numbersnumbers a finite or a finite or anan

infinite set?infinite set?””

can can bebe alsoalso expressedexpressed asas::

““WillWill the the TuringTuring machinemachine whichwhich generatesgenerates the the 

set of prime set of prime numbersnumbers everever stop?stop?””

ItIt can can bebe provedproved thatthat the the answeranswer toto thisthis

questionquestion isis no, no, asas the set of the prime the set of the prime 

numbersnumbers isis anan infinite set.infinite set.

ThisThis isis a a solvedsolved solvablesolvable problemproblem..



PERFECT NUMBERSPERFECT NUMBERS

A A numbernumber isis perfectperfect ifif itit isis equalequal toto the the sumsum
of of itsits divisorsdivisors, , suchsuch asas: : 

6 = 1+2+3 ;6 = 1+2+3 ;

28 = 1+2+4+7+14.28 = 1+2+4+7+14.

EvenEven in in thisthis case, case, therethere existsexists anan
algorithmalgorithm whichwhich can decide can decide whetherwhether or or notnot
a a naturalnatural numbernumber isis perfectperfect. . 



PERFECT NUMBERSPERFECT NUMBERS

WeWe can can considerconsider the the followingfollowing TuringTuring

machinemachine::

N = [ 0, 1, 2, 3 N = [ 0, 1, 2, 3 …… ]        ]        TuringTuring MacMac.        [ 6, 28, 496 .        [ 6, 28, 496 …… ]]



ItIt hasnhasn’’t t beenbeen provedproved yetyet whetherwhether

the set of the set of perfectperfect numbersnumbers isis finite finite 

or infinite, so or infinite, so wewe do do notnot knowknow yetyet

whetherwhether or or notnot thisthis TuringTuring machinemachine

stopsstops..

ThisThis isis anan unsolvedunsolved solvablesolvable

problemproblem..



LetLet S S bebe anan increasingincreasing sequencesequence

of of infinitelyinfinitely manymany naturalnatural

numbersnumbers generatedgenerated byby anan

algorithmalgorithm

TURING THEOREM:TURING THEOREM:

ThereThere existsexists no no algorithmalgorithm whosewhose

output output isis the list of the list of allall thesethese S.S.


